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Spontaneous symmetry breaking (SSB) is one of the basic aspects of collective
phenomena such as phase transitions in statistical mechanics or ground-state
excitations in field theory. In general, spectral analysis of SSB is related to the
presence of a Goldstone boson particle. The explicit construction of the canoni-
cal variables (boson field operator and its adjoint) of this boson has so far been
an open problem. In this paper, we consider the SSB of Bose—Einstein conden-
sation in two models: the so-called imperfect or mean field Bose gas (which is
nothing but a perfect ideal Bose gas including the property of equivalence of
ensembles), and the Bogoliubov weakly interacting Bose gas. For both we con-
struct explicitly the Goldstone boson field variables. The remarkable result is
that in both cases the field and its adjoint field are formed as the “fluctuation
operators” respectively of the order parameter operator and of the generator of
the broken symmetry. The notion of “fluctuation operator” is essential for our
mathematical construction. We find that although the order parameter has a
critical fluctuation, the generator of the broken symmetry has a squeezed fluc-
tuation of the same inverse rate. Furthermore, we prove that this canonical pair
of variables decouples from the other variables of the system, and that these
fluctuations behave dynamically as long-wavelength sound waves or as
oscillator variables.

KEY WORDS: Spontaneous symmetry breaking; Goldstone theorem; nor-
mal coordinates; interacting Bose gases; Bose—Einstein condensation; quantum
fluctuations.

1. INTRODUCTION

The phenomenon of spontaneous symmetry breaking (SSB) is a represen-
tative tool for the explanation of many phenomena in modern physics of
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field theory and statistical mechanics. The study of SSB goes back to the
Goldstone Theorem,” which has been the subject of much analysis. It is
proved that for short range interactions in many-body systems SSB implies
the absence of an energy gap in the excitation spectrum.®

For long range interactions the SSB has also been studied extensively.
In the physics literature the phenomenon is known as the occurrence of
oscillations with frequency spectrum taking a finite value  # 0 at k= 0.4
Different approximation methods, typical here is the random phase
approximation, yield the exact computation of these frequencies. For some
mean field models, the BCS-model,” the Overhauser model,® the anhar-
monic crystal model,® and for the jellium model,'® we were able to give
the mathematical status of these frequencies as elements of the spectrum of
typical fluctuation operators (see refs. 11 and 12).

The typical operators entering in the discussion are the generator of
the broken symmetry and the order parameter. In physical terms expressed,
they are the charge or density operator and the current operator. Their
fluctuation operators form a quantum canonical pair, which decouples
from the other degrees of freedom of the system. As fluctuation operators
are collective operators, they describe the collective mode accompanying
the SSB phenomenon. Hence for long range interacting systems, we
realised mathematically rigorously in these models, the so-called Anderson
theorem> 4 of “restoration of symmetry,” stating that there exists a spec-
trum of collective modes w(k — 0) #0 and that the mode in the limit kX — 0
is the operator which connects the set of degenerate temperature states, i.e.,
“rotates” one ergodic state into an other. We conjecture that our results
of refs. 7, 8, and 10 can be proved for general long range two-body interac-
ting systems as a universal theorem. Anderson did formulate his theorem
in the context of the Goldstone theorem for short range interacting
systems, i.e., in the case w(k — 0)=0 of absence of an energy gap in the
ground state.

Of course one knows that there is no one-to-one relation between
short range interactions and the absence of an energy gap for symmetry
breaking systems (see, e.g., ref. 9). The imperfect Bose gas is an example of
a long range interacting system showing SSB, but without energy gap.
In this paper we realise the above described program of construction of the
collective modes operators of condensate density and condensate current,
as normal modes dynamically independent from the other degrees of
freedom of the system. We consider the whole temperature range, the
ground state included.

In particular the ground state situation is interesting, because it yields
a nontrivial quantum mechanical canonical pair of conjugate operators,
giving an explicit representation of the field variables of the so-called
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Goldstone bosom. One can consider this result as a formal step forward
beyond the known analysis of the Goldstone phenomenon.

Moreover in Section 4, we extend this result to the Bogoliubov weakly
interacting Bose gas of superfluidity. It is interesting to remark that here
the situation is intrinsically different in the sense that only the condensate
density mode is spontaneously broken. One checks explicitly that the den-
sity fluctuation operator and the order parameter fluctuation operator do
not form a non-trivial pair, but the condensate density and the order
parameter fluctuation operators do. Hence in both models, exactly the fluc-
tuation operators of the generator of the broken symmetry and of the order
parameter form a non-trivial canonical pair. The latter one shows off-
diagonal long range order, therefore the density—density correlation can
not share this property. This can be interpreted as that a spontaneously
broken symmetry behaves like an approximate symmetry. The explicit con-
struction of the canonical pair amounts to the realisation of “restoration of
symmetry,” an idea put forward by Anderson.!*'*) Furthermore, for both
models, we prove that the canonical pair of Goldstone fluctuation modes
decouples dynamically from the other variables of the system and behaves
like harmonic oscillator modes with a frequency proportional to the con-
densate density, i.e., this phenomenon disappears if no condensation is pre-
sent. It turns out that this pair of variables has a timescale in the long
wavelength limit which is determined by the long wavelength behaviour of
the spectrum of the system.

2. FLUCTUATION OPERATORS

We want to study different models of a Bose gas in which there is
breaking of the gauge symmetry. In general, a system of identical bosons
of mass m in a cubic box A <R’ of volume V'=L" v>3 with periodic
boundary conditions for the wave functions, is described by the full two-
body interaction Hamiltonian

H =T, +U,—u,Ny

1
:Zskaf,kaL,k‘Fﬁ Y. ulg) af k4 g% 0 —qqr, war c— M N (1)
k ek K

where the sum runs over the set A* = (2n/L) Z* and ¢, = |k|*/2m; a% , are
the boson creation/annihilation operators in the one-particle state yr; ,(x)
=V V2 x xe A, ked* ie.,
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e—ik-x

aL’k:L a(x)de o)

La(x), a*(y)]=0(x—y)

and v(q) = [ e~ “¢(x) dx, ¢ is the periodically extended two-body inter-
action potential.

The generator of the gauge symmetry is the total number operator N,
with generator density a*(x) a(x):

NL=J a*(x) a(x) dx

A

The common choice of order parameter is V ~1/?

adjoint combination

a% ,, or taking a self-

*(x)—a(x)) dx

—\/27(‘1?0 aro) \/Vf

Hence the order parameter density is given by (i/\/2V )(a*(x) —a(x)). One
has of course:

i — 00 .
[N, A4,] zﬁ(af,o+aL,o)V—> z\/217()cosoc

where p, is the density of the condensate and « the phase, i.e.,

V=12a% o=/ po e
We are here interested in the behaviour of the g¢-mode fluctuation

(g #0)> of this generator and of the order parameter, i.e.,

F; (N)= a*(x) a(x) e~ dx (3)

7,

(a*(x) —a(x)) "~ dx (4)

1
Rz

which satisfy the same commutation relation as N, and 4, :

i S .
[Fp (N), Fp _(A)]= N (af o+ag o) ——=i/2pycosa  (5)
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In fact we take a sequence 0 # ¢, € A* converging to ¢ so that there is no
need to subtract expectation values, since for ge A%, | e *=VJ 40> and
so that we can also write

1
FL,q(N):W 2.aF kiqr i (6)
x

i

FL, q(A) =ﬁ (a}:q_aL, —q)

(7)

Our first goal will be to define these operators in the thermodynamic limit
L — oo. This will be done via a central limit theorem, as defined in refs. 11
and 12. Afterwards we will be interested in the long wavelength—Ilow fre-
quency limit ¢ — 0 in which collective behaviour is to be expected. In this
limit ¢ > 0 we give a connection with the abstractly studied fluctuation
operators!® of the type

1
F¥0) = lim F3(0) =775 | (0(0)—(0(x))) dx (8)
A

L—

where O is some operator density and ¢ a critical exponent describing the
degree of abnormality of the fluctuations of O, defined by the existence of
the variance. If 6 > 0 there is ODLRO, if ¢ <0, the fluctuation is squeezed.

In an interacting Bose gas this ¢ — 0 behaviour will be mainly deter-
mined by the spectrum E, of the Hamiltonian. The density fluctuation
F; ,N) has another very important property, its commutator with the
two-body interaction part of the Hamiltonian vanishes:

[Ug, Fr (N)]=0 (9)
where
1 « .
UL: Z U(q) aL’k+qaL,k'—qaL,k’aL,k
2V Iyt

This is easily seen as follows. Commute in Uy, af  _, with a; . This gives

1 1
U= Z U(Q)azk+qaL,ka2k,,k'—qaL,k'_ﬁ U(Q)af,k+qaL,k+q
q, k, k' q, k
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In the first term, separate the term ¢ =0 from the rest, use translation
invariance in the second term, and observe that U, can then be written as

_1 u0) o 1
UL_2 Z U(q)FL,q(N)FL,—q(N)""zV N% Z(f)(O)NL (10)

q#0

From this expression, (9) is obvious.

In physics, one encounters essentially two types of Bose condensed
systems, namely those with a quadratic excitation spectrum (E, o |¢|>, |¢|
small) and those with a superfluid, linear spectrum (E, oc |¢|, |¢| small).
We will treat in detail an example of each of these cases.

3. THE IMPERFECT BOSE GAS

3.1. The Model and Equilibrium States

To make things more concrete, we consider as a first example the
imperfect or mean field Bose gas,"”'® specified by the local Hamiltonian
H, with periodic boundary conditions: ¥

A
H, =T, — — N2 11
L L ﬂLNL+2VNL (11)

where A€ R*, A the centered cubic box of side length L in R”, v>3,
A*=(2n/L) Z”. Remark that, apart from a shift in the chemical potential
this Hamiltonian can be obtained from (1) by taking v(g)=0 if ¢#0
in (10).

Talking about the thermodynamic limit, we mean L — oo under the
constraint that for all L

=p (12)

where p is any positive number standing for the average density of particles,
w,, 1s the canonical Gibbs state for (11) at some inverse temperature f. It
is proved that wy(-)=lim, w,(-) exists as a space homogeneous state
on the algebra of polynomials in the creation and annihilation operators.
It is proved that there exists condensation in the zero (k=0) mode state
if p is large enough and T is small enough. The phase transition is accom-
panied by a spontaneous breaking of the gauge symmetry (see also ref. 20).
The limit chemical potential x4 =lim u, is given by

p=7ap (13)
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and the dynamics coincides with the dynamics of the free Bose gas. The
limit Gibbs state has the following form: for all local observables A,

1 2n
wﬁ,(/l):Zj0 w3 A) dx (14)
with
Wi @D+ D) —exp[ —L(f, Kf) +2ip¥? | f(0)| cos ] (15)
and
(K= cott (5 (16)

The states wj(a e [0, 27]) are the extremal equilibrium state components
of wy with the property that

. a .

lim o} <L0> =/ poe™ (17)
— o0

and as operators in the GNS-representation of w%, one has also

: Cl* o
LILmOO VLi/(;z./poe (18)

Remark also that the states wj(ae[0,27]) are quasi-free states, making
the computation of expectation values straightforward.

3.2. Collective Goldstone Modes

We now turn our attention to the density and order parameter fluc-
tuations. We consider our system to be in one of the extremal equilibrium
states wy, for some ae[0,27], and without loss of generality, we take
a=0, and denote this state again by wy.

For notational convenience, if p,#0, denote
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Then we have

i
[Pr.q AL —gl=——F=—=(af o+ aL,)
L,gq L, —q 2\/p07 L0 L0
and by (18):

Jim [ppg Az =i (19)
More generally
Bim [pr g A 1=, (20)
Let us first calculate the variances of p; , and 4, ,.

Proposition 1. We have for ¢ #0:
(i)

1 pe, k1 1
111’1’1 wﬁ(pL aPL, 7q) 2COth P +2’7 f ) (27T)v ePorra— 11— e P
(i)
pe,
ngnoo wp(Ap AL _g) = Ecoth >

Proof. The proof is a straightforward calculation using the quasi-
freeness of the state wy, e.g.,

wﬂ(pL, qu, —q)

%
Z OpaF ki 0L kOF K —qhL, 1)

2p0 k, k'

2 Z aL,k+qaL,k+q) wﬂ(aL,ka;f,k)
pO k

1
T 2p0V

1
+2p0V

(wglaf ,ap ) wglag oaf o) +wglaf oar o) wglar, _,af _,))

Z wﬂ(af,k+qaL,k+q) wﬁ(aL,kaf, %)
—q#k#0
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In the limit, this becomes

. 1 e, 1 de 1 1
ngnoo Wp(PL gPL —g) = 3 coth -t e fw (2n) Prra—11—c P

The other case is even easier. ||

From this already a few conclusions can be drawn. First of all,
consider the integral in the most relevant case v = 3:

B j dk 1 1
2po Jw (27)® ePorra— 11 —e P

Letting ¢ — 0, this integral clearly diverges due to the contribution of the
neighbourhood of k =0. Near k=0 we can write it (up to constants) like

f dk 1
(2n)* (k+q)* k*

Taking ¢, e.g., along the z-axis and changing the variable k to k' =k/|q|, it
can be seen that this integral diverges like |¢| ~'. Since coth(fe,/2) diverges
as |q| = for ¢ — 0, we see that for small ¢ the variance of p, , 18 completely
dominated by the coth-term.

This divergence implies that we should renormalise both p, ,and 4, ,
in order to get a nontrivial limit ¢ — 0 of their variances, i.e.,

pL,q_)ﬁL,q:|q| pL,q
AL,‘I_)‘ZL,q: |q| AL,q

But this implies that the commutator

Llimoo[ﬁL’q, "ZL, —q] :l |LI|2

vanishes in the limit ¢ — 0.
On the other hand, if one considers the ground state situation (limit
S — o), the ¢ — 0 analysis yields that the variances

lim o (pr ,Pr —4) and lim w, (A, A7, )
qg—0 qg—0

are both finite, and the commutation relation between p; , and 4, _, is
nontrivial and canonical.
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This is not surprising, as one expects true quantum effects on the level
of fluctuations only in the ground state. Critical quantum effects are hidden
behind the temperature (7'>0) fluctuations.

Moreover, it is tempting to identify this renormalization in ¢ with the
exponent J of (8) via the relation |g| oc L~'. This relation of course being
given by the fact that the first non-zero g¢-level in finite volume is
lgl =27L~". In that case we obtain for the density fluctuations F,, 4N)
that 6 =1/3 in the condensed phase. In the normal phase, the coth-term
would be absent and the integral would be convergent also for ¢=0
because €% would be replaced by e~ with a <0, hence J =0. At the
critical point, the coth-term would still be absent but the integral would
now be divergent like |g| ~! as shown before. This would then give J = 1/6.
These three values for ¢ are exactly the ones calculated in ref. 21.

Since we will be interested in quantum effects on the level of macro-
scopic fluctuations we will restrict ourself from now on to the ground state
(from now on denoted w). We redefine p, , and 4, , as self-adjoint
operators, and we make the (arbitrary) choice of taking the “cos-fluctua-
tion”:

1
= a*(x) a(x) cos(q - x) dx 21
pL,quU()(q) (21)
i
__ " (1) .
AL,q_ﬁ L (a*(x) —a(x)) cos(q - x) dx (22)
or in momentum space
1
Prq= 2 (@F ks qr o+ af _gar i) (23)
2\/p()7 k
i
AL,q:E[az,q+af,—q_(aL,q+aL, —g)] (24)

where the normalization is chosen such that

ngrlw [pL,qa AL, q'] = iaq, q (25)

It is easy to check that with these definitions

lim w(p2 )= lim w(42 )=} (26)
L— ? L— © ?
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The rest of this section is devoted to the more mathematical aspects of the
realisation of the different fluctuation operators as central limits of
operators. The less mathematics minded reader can skip this part at a first
reading and proceed immediately to Section 3.3.

Let % be the family of complex continuous functions f(k, k") of two
variables k, k' € R”, satisfying

S(xk, k) = f(k, k') (27)

and

Sk, k) = f(K', k) (28)

With later applications in mind, define for f, ge #, p, ,(f) and 4, ,(g) by

1
Y USk+q,k)af i qar

2poV

+ Sk —q. k) af k—qar,] (29)

Prf)=

AL, q(g) =é [g(qs O)Wz, q + a?, —q) - g(O’ q)(aL, q + aL, —q)] (30)

Condition (28) ensures the self-adjointness of these operators. Then define
operators F; ,(f, g) by

Frf.8)=prf)+AL &) (31)
Proposition 2. For f, ge 7,

lim w(F, ,(f. )% =31/(q,0)+ig(g, 0)|? (32)

L—
Proof. This is a simple calculation using the quasi-freeness of the
state w. ||

In the GNS-representation (%, 7, 2,) of the state w a scalar
product is defined by

(7y(A) 2o o B) 20, o, = 0(A*B)

>’

and the associated norm is denoted by |-|,.
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Denoting 7,(F; ,(f, g)) again by F; ,(f, g) we then have:

Proposition 3 (A BCH-formula). Letf;, g;e%,i=1,2, then

lim [ e™r a1 80 L ¢ (f2> 82) — oHFL (/1> 8D+ FL 4(/2 £2))

L—

x e ~12LFL 4(f1> 81)s F 4 (/s gz)]Hw (33)

Proof. See Appendix A. ||

This result should be compared with the Baker—Campbell-Haussdorff
formula which states that for two operators 4, B whose commutator is a
complex number:

edpB — o(A+B),—1/2[4, B]
This proposition tells us that in a weak sense this BCH-formula remains
true for our fluctuation operators, whose commutator becomes a complex
number in the thermodynamic limit. Since we are studying fluctuations of
unbounded operators, the BCH-formula is only true in the GNS-representa-
tion of w. For fluctuations of bounded operators, the BCH-formula holds
in a much stronger sense, independent of the state (see ref. 15).

On the complex vectorspace ¥~ of complex linear combinations of
elements from (#, ), define a sesquilinear form (|-}, by

{fis &1l fas g2>q:L1i_{110 w(FL,q(fla g1)* FL,q(fZ’ gs))

=3(/1(4. 0) +ig:(q, 0))(f2(q. 0) +iga(q, 0))  (34)

and extension to the whole of ¥~ by linearity.
This form is positive and satisfies the Cauchy—Schwarz inequality by
the positivity of @ and the Cauchy—Schwarz inequality for the state .
Separating the real and the imaginary part of the restriction of - |-},
to the real subspace (7, 7 ) of 7, ie.,

(s &1l 2 820 4= 5,(/1: 811 12, &2) +§0q(f1, gilf2g2)  (35)

defines a real bilinear positive symmetric form s, and a symplectic form a,.
(A form o is called symplectic if a(x, y) = —a(y, x).)
The symplectic form o, satisfies

Lli_{noo [FL,q(fl’ g1) FL,q(fZ’ g)]= iaq(fu g1l/2 82) (36)

where the limit is taken in the GNS-representation of w.
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The following proposition is the crucial Central Limit Theorem for the
operators Fy (/. g).

Proposition 4 (Central Limit Theorem). Forf, geZ, teR,

lim a)(@itFL»q(f’ g)) =e(_t2/2)sq(ﬁg|f; g) (37)

L— o

Proof. Although a similar theorem could also be proven for tem-
perature states, we will only do it for the ground state, since that is really
all we need. In that case, using the quasi-freeness of the state and the fact
that all particles are condensed into the zero-energy state simplifies the
proof. The details can be found in Appendix B. ||

The C*-algebra of the canonical commutation relations over (H, o),
with H a real linear space and ¢ a symplectic form, written as CCR(H, o),
is by definition a C*-algebra generated by elements { W(f): fe H} such
that

i) W(=f)=w)*
(ii)  W(f) W(g)=e """ OW(f +g).

Condition (ii) tells us that W(f) W(0)= W(0) W(f)= W(f). Hence
W(0) is the unit of the algebra and it follows that W/(f) is a unitary for
every f. For an elaborate discussion of the CCR, we refer to ref. 22.

Proposition 5 (Reconstruction Theorem). The linear func-
tional

QUW S, g)=e VD5 ell o (38)

defined on the algebra CCR((#, #), 5,), is a quasi free state.
More explicitly, we have for all (f;, g;,)e(F, %), i=1,..,n,

lim c(e™rat/i 0. oMol €0) = AW (f1, 81) - Wl far £2))  (39)

L— ©

The state @7 is regular and hence for every ( f, g) there exists a self-adjoint
Bosonic field @ ( f, g) in the GNS representation (A5, 7z, £244) such that

Tl Wo(f. g)) =€/ ® (40)
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This implies that in the sense of the central limit (39), the local fluctuations
converge to the Bosonic fields associated with CCR((F#, #), a,):

CLT lim F, (/. g)=P,f, g) (41)

Proof. See Appendix C. ||

The following definitions now clearly make sense:

p,=®,1,0)=CLT lim p, , (42)
L— o

A,=®,0,1)=CLT lim 4, (43)
L — oo

In the same spirit as this central limit, we now define a limit ¢ — 0 of the
operators @ ( f, g).
Define a sesquilinear form <-|-)> on ¥~ by

<.f15g1|.f2»g2>:‘}iil})<flag1|f2ag2>q (44)
and a real linear form s and a symmetric form ¢ in the obvious way:

s(f1, 811 /2 g2)=‘}iirhsq(fl9g1|f2ag2) (45)

a(f1, &1l /2 gz)ﬁ}iﬁ}) o,(f1: &1 /2 &) (46)

We then get the limit (¢ — 0) result:

Proposition 6 (Reconstruction Theorem 2). The linear func-
tional

GW L. 8)) = lim GI(W,(f, g)) = e~ £ (47)
qg—0

defined on the algebra CCR((¥,%),0), is a quasi free state. More
explicitly, we have for all (f;, g;)e(#, %), i=1,..,n,

lim lim (o). e g &) = (W1, g1) -+ W(gns gn)) (48)

g—0 L—>

The state & is regular and hence for every (f, g) there exists a self-
adjoint Bosonic field @(f, g) in the GNS representation (4, 74, Q24) such
that

no(W(f. g) =S e (49)
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This implies that in this sense of the limit ¢ — 0 (48), the fluctuations @,
converge to the Bosonic fields associated with CCR(#, ), o):

P(f, g)=lim &,(f, g)=CLT lim - lim Fy ,(f, g) (50)

g—0 L— oo

Proof. This is just a matter of taking the limit ¢ — 0 in the different
steps of the proof of the previous proposition. ||

Specializing again to our original operators:

p=lim p,=®(1,0)=CLT lim lim p, (51)
q—0 qg—>0 L—>

A=1lim A4,=®(0,1)=CLT lim lim 4, , (52)
qg—0 g—0 L—>

The algebra of macroscopic fluctuations CCR((#, & ), g) is a coarse grained
one, i.e., different microscopic observables can have the same macroscopic
fluctuation operators. To describe this mathematically, introduce an equiv-
alence relation ~ on 7~ by

(f1,80)~(f2, &)= fi—fr. 81— &N f1—f2, 81— 820 =0 (53)

Another way of stating the equivalence relation is of course

(f1: 1)~ (f2. g2) = lim lim o(Fp (fi—f, 81— 82)*)=0 (54)

g—>0 L—

We then have the following result:

Proposition 7. For f;, g;e %, i=1,2, the following are equiv-
alent:

(i) (fi, g1~ (/2 &2)
(i) D(f1, &1)=D(f>, &2)-

Proof. See Appendix D. |

A simple example: take /'€ &, and define Jf by (Jf)(¢q, 0) = —if(g, 0),
(J)(0, q) =if(0, g) and (Jf)(k, k') =0 for all other values of k and k". Then
(f,0)~ (0, Jf) or in other words

CLT lim lim p, (f)=CLT lim lim A, (Jf) (55)

qg—>0 L— qg—>0 L— o
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3.3. Dynamics of the Collective Goldstone Modes

In this section we will derive a dynamics on the level of the macro-
scopic fluctuations. This dynamics will of course be induced by the
microdynamics. Therefore we start with calculating

. i
HHL prod =505 L Lekrg =2 4L kwgr
k

+(ek—g—&x) af k— gz i ]
:pL,q(g) (56)

with &(k, k') =i(e, —&,). And also

. 1 A
l[HL> AL,q] = 75 <‘Sq+ <V NLIUL>> (ai,q—l'_az, —q+aL, —q+aL, q)

iA
_ﬁ(az,q—i_a?, —q_(aL,—q+aL,q)) (57)

The second and the third term on the r.h.s. converge to zero as L — oo even
as operators in the GNS representation of w, so they are of no importance.
Remar.k .that both lim, , ., w(p,, (&)?) o &2 and .limL_,oO w(Ay (8)%) «
35, so it is natural to define a macroscopic dynamics by

~ 1
i[H,p]=CLT lim lim i[HL,pL’q]

g—>0L—> o Sq

=CLT lim lim p, , <1 §>
&

qg—>0 L— q

=CLT lim lim 4, ,=4

qg—0 L—

where we have used Eq. (55) to go from the second line to the third.
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Analogously,

o 1
i[f#,A]=CLT lim lim z[HL,AL,q}

qg—>0 L—> o Eq

1
= —CLT lim lim 4, , <£ §>

g—0 L—> q

=—CLT lim lim p,,

qg—>0 L—> o
==/

again using (55).
Hence we have a canonical pair of observables (j, 4), satisfying

(5, A]=i (58)

which dynamically decouples from the other degrees of freedom of the
system, such that:

ilA,p]=4 (59)
i[H,A]1=—p (60)
Hence H is the harmonic oscillator Hamiltonian with frequency 1:

A=1(p*+ 27 (61)
A quantum virial theorem is also satisfied, i.e.,

a(p?) = a(A?) (62)
Remark that to go from the microdynamics H, to the macrodynamics A

we had to rescale the Hamiltonian with aq_l. This should actually be seen
as a rescaling of time

indicating that for small |g| the typical timescale of a (density) fluctuation
with wave length |¢| ~' is of the order |g| ~2, becoming infinite in the limit
q—0.
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4. THE WEAKLY INTERACTING BOSE GAS

4.1. The Model and Equilibrium States

Our second model is a model of superfluidity, i.e., with an excitation
spectrum E, linear in |g| for small g. Such a model is provided by ref. 23.
Its Hamiltonian is given by (we take v =3 throughout this section)

1 _
Hi(c)=Y epaf var p+= Y, vlk)(af pa¥, Lk CzaL, kA1 k)

k 2 k7o
2 % v(0) >
+lel? Y v(k)af pagp p+ Ni—wurNy (63)
Py 2V
supplemented with
c= lim w (V~"a ) (64)
L — o

where w, is the Gibbs state at some inverse temperature  corresponding
to (63). This Hamiltonian is in fact the original Bogoliubov Hamiltonian
for a weakly interacting Bose gas, with an extra term (v(0)/2V) N2 that
ensures the superstability of the model.

Again we take the thermodynamic limit under the constraint

o1
lim o (Np)=p

L—

It is proved in ref. 23 that there exist solutions wg=1im, _, ,, w,, for f and
p large enough, such that

lim wy(V ~"2a, o) =c#0
L

and we will restrict ourself to these solutions.
To describe these equilibrium states we need a Bogoliubov transforma-
tion of the operators a% , into new creation and annihilation operators

£ .
by «:

ar r=by rcosha, +b¥ _, sinha, (65)

ay, _x=by _pcosha,+b¥ , sinha, (66)
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where

|| v(k)

tanh 200, = —————
= e [eP u(k)

(67)

The limit Gibbs state has the same form as in the imperfect Bose gas: for
all local observables A4,

1 2n
wﬁ(A)zﬂjo w(A) da (68)
with
Wi PN TIID) = exp[ —3(f; K'f) +2i |cf(0)] cos a] (69)
and
—~ 1 Py
(K70 =5 coth (55 ) 71k (70)

with b#(f) the corresponding Bogoliubov transformation of a#(f) and

Ev=eler+2 e v(k)) (71)

This is the famous Bogoliubov spectrum which for small k£ behaves like

c|? v(0)\?
= L0V
m

The states wj(ae[0,2r]) are the quasi-free extremal equilibrium state
components of wy with the property that

%
ngn wﬁ<lj;/‘;>=|c| e™ (72)

and as operators in the GNS-representation of w%, one has also

*

a
1 T5E= el e (73)

11m

For more details we refer to ref. 23.
As in the imperfect Bose gas, we want to study the density and order
parameter fluctuations, F; (N)and F; ,(A). However here, the Hamiltonian
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H,(c) (63) is a truncation of the full Hamiltonian (1), and due to this
truncation, H,(c) is no longer gauge invariant, i.e.,

[Hp(c), N.1#0 (74)
The invariance which is left is
[Hi(c),Ngol=0 (75)

with N, o=ajf ¢a, . This means that the spontaneously broken symmetry
accompanying the phase transition from ¢=0 to ¢#0 is not the gauge
symmetry generated by N, but the symmetry generated by N ,.

One example of the implications of this is the following. In the physics
literature, the quantity lim,, _, ,,{Fy (N) F; _,(N)> is known as the static
structure function, usually denoted S(g). It has been known for a long time,
both theoretically and experimentally, that at zero temperature this func-
tion behaves linearly in ¢ for small ¢: S(q) oc |¢| (see, e.g., ref. 24). This
linear behaviour is essentially due to the fact that [U,, Fy ,(N)]=0 so
that

(LFLN), [Hy, Fr _(N)11)> < lq|?
However in our model
[H(c), NL1#0
and very much related to this,
[UL(c), Fr ((N)]#0

and indeed it is easy to calculate that here lim, _, , S(q) = const # 0.

Because of (74) and (75) we expect that this unphysical behaviour is
remedied when we replace the total density fluctuations £, ,(N) by con-
densate density fluctuations /' ,(N,). However since N, , can not be writ-
ten as the integral over some condensate density, it is impossible to define
F; /Ny) as a usual fluctuation operator. What we want to show now is
that it is possible to find a fluctuation operator F, ,(N,) which behaves
mathematically like one expects for a fluctuation operator of the generator
of a spontaneously broken symmetry (i.e., we will derive a similar structure
as in the imperfect Bose gas) and moreover gives the correct physical
behaviour (like, e.g., lim _, ,{Fy (No) Fr _,(No)) oc |g| for small g).

In momentum space

1
Fp (N)= Yz Zaz,k+qaL,k (76)
k
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consists of two parts:

1

FL,q(N)Z iz

Z af,k+qaL,k (77)

k#0,k+q#0

Y12 (af, 4ar,0+af oar, —g) +—15

The first part only contains the ground state operators a¥ . It is clearly the
fluctuation of the zero-mode particle density, fluctuating to a fixed mode
and back to zero. The other part is the fluctuation of the excited modes
among each other. Therefore it is natural to define

1
iz (af ,ap o0+af oar _,) (78)

L q(NO)
The truncation of F; (N) to F ,(N,) reminds very much the spirit behind
the truncation which led to the Bogoliubov approximation of the full
Hamiltonian. We can even see how closely those two are related. Take the
interaction part U, of the full Hamiltonian (1) and write it as in (10):

v(0
> Z FLkN)FL,_k(N)+§N2 ~$O) N
k;éO

Truncate this expression by truncating the operators F (N) to F, (Ny)
as described above, then:

0
X ok) Fr Vo) Fr, —o(No) + 50 N3 2 6(0) N,

UL:
k#0 2V

1
2

Write out:

5 Z k) Fr,i(No) Fr, _(No)

k;éo
1
= ﬁ Z v(k)((aL,oa}i ot a}f, OaL,O) a}f,kaL,k +ag, oaL,oaf,kaZ —k
k#0
$(0)
+ aL,Oai, odr, —x9r, K+ P Nrio

As in ref. 23, replace the operators af ,/V'? by complex numbers |c| e*™

in the first term of the interaction and preserve them as operators in the
remaining terms, then
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1 . .
Up=5 ) vlk)lcl® (e af caf _i+e*ay _iar ;)
2 k#0
) #0)
el Y olh) afart g N3 00 N+ P2y (19)

k#0

Apart from the term 3 #(0) N, which only leads to a shift in the chemical
potential, and an unimportant constant (¢(0)/2) |c|?> V this is exactly the
Hamiltonian (63).

4.2. Collective Goldstone Modes

We consider again our system to be in one of the extremal equilibrium
states up, and without loss of generality we take a« =0 (i.e., ¢ real), and
denote this state by wg. As before let

% %
(a7, qar, 0+ a7, oar, g

1
FL,q(NO):W

=7,

and for ease of notation:

Fp (A4) (a*(x) —a(x)) e~ dx=—72(af ;—ar, _,)

-

AL :FL,q(A)

> q

pL,q:\/?FL,q(NO)a

These operators still satisfy the correct commutation relation

i
(P24 AL —4] =2 \/ﬁ (af,ot+ar o)
and by (73):

lim [P, AL —g1=i (80)

L
More generally

Lli—1>noo [pg,quL, —q’]=i5q,q' (81)
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Proposition 8. We have for ¢ #0:

(1)
: 0 0 _ £q ﬁEq
A @il PL ) =5 coth ( 2 >
(i1)
. E BE
1 Ay A, ) ==% coth (P2a
Jm op(Ar Az, ) 25, " < 2 >

Proof. This is an easy calculation using the Bogoliubov transforma-
tion (65), (66), the explicit form of the state (69), property (73) and the fact
that

2
cosh 20, = “a 4
Eq
) c*v(q)
sinh 2o, = — z

q

(cosh a,, + sinh a,)* = cosh 2a,, + sinh 20, = m (82)

&, +2c%0(q)

ek

so that

(cosh o, —sinh a,,)* = cosh 2a,, — sinh 20, = (83)

This then gives the result via

LIL L a’ﬂ(POL, qPOL, —q)

= % Lhm w/ﬁ'((az q + aL, —q)(a;k,, —q + aL, q))
— 00

= }(cosha, +sinh a,)” lim wj((bF ,+bz, 0L b)) |
N —
N

coth(BE, /2)
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For ff < oo the small ¢g-behaviour of these variances is

Llijnw COﬁ'(poL, q'DOL, —q) =const#0

lim wy(A, A, _,)~constx |g| >

L— ©

So again we have the phenomenon that at non-zero temperature it is
impossible to do a renormalization of pj. , and A4, , which gives both a
meaningful ¢ — 0 limit for the variances and preserves a non-trivial com-
mutation relation.

Therefore we will restrict ourself from now on to the ground state
(denoted w). Contrary to the imperfect Bose gas, there remains a non-tri-
vial g-dependence in the ground state. This is because even at zero tem-
perature not all particles condense into the ground state. We have for
small ¢

Tim (pf 08 ) o |gl

lim wy(A, AL ) o lql ™!

L—

Remark that for the condensate density fluctuations this is the above men-
tioned linear behaviour.

We now redefine pOL, , and A; . to be self-adjoint and renormalized
in g, ie.,

1
PL.q =22 V)P L(af, o +af, —g) arotaiolag +ar )] (84)

1/2
_;ldl

> q 2

AL [a}k,,q—i_az, 7q_(aL,q+aL, 7q)] (85)

Hence we have still

Lli—l:noo [pOL,qs AL, q’] = i(sq, q (86)

It is already interesting at this stage to remark that

1

: : 0 \2y_
‘}Lmo ngnoo ©i(PL)7) =55 (87)
lim lim w4 (A2 )—9 (88)

g—0 L— o A )



Goldstone Boson Normal Coordinates in Interacting Bose Gases 1149
with

2= tim Z4_ (4o 0))2 (89)

qg—0 8q
And hence again a virial type of theorem:

Q% lim lim o((p} )?) =lim lim w(A43 ) (90)

qg—>0 L—> g—>0 L—

The rest of this section is devoted to the rigorous mathematical treatment
of the existence of the fluctuation operators. Again at first reading, the
reader can immediately proceed to Section 4.3.

With all definitions and notations as above for the imperfect Bose gas,
we define again for f, ge &

1
Pg, A0) =501 [ f(g,0)af ,+af _,)ar,
+ /00, q) af olar, 4 +ar, )] (91)
Ayg, (2) =§ [g(q,0)(af ,+af _,)—80,q9)ar ,+ar, _,)]  (92)

and

Fr s 8)=pL (f)+ AL 8) (93)

Now we take immediately the limit lim,_ ,lim, _, ., rather than the two
limits separately as for the imperfect Bose gas.

Proposition 9. For f, ge 7,

lim lim o(F, (f, %)= lim {””(‘” /g, 0)+ig(q, 0)]?
qg—>0 L—> ’ q—0 2Eq
~ D G (g, 0) + il 0)>21} (94)
2Eq Jq, g\q,

Proof. By explicit calculation. ||

As above for the imperfect Bose gas, we are now in a position that we
have to give a mathematical meaning to the limit operators

lim lim F; (/. g)

g—>0 L—
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From now on we restrict to those pairs of functions ( f, g) for which (94)
is well defined. If f is real, | f(g, 0)| should not diverge faster than |g| '/
if f is imaginary, |f(g,0)| should go to zero like |¢|? A real g should
satisfy the same condition as an imaginary f and vice versa. Alternatively,
we restrict % to those functions f which satisfy the above conditions and
then look at pairs ( f, Jg), with f, g in (the restricted) % and Jg defined as
(Jg)(q,0)=—ig(q,0), (Jg)(0, g) =ig(0, g). The rest of the mathematical
procedure is similar to the case treated above, with a different positive ses-
quilinear form:

{fis &1l fan 820 :;iir}) Lli_{noo w(FL,q(fla g1)* FL,q(fza g2))

=51, &1l /2 g2)+%a(fla g1 /2 &)

As it should

lim lim [FL,q(fla g1)s FL,q(f29 g)1=io(f1, g1 /2, &2)

qg—>0 L— o

where the limit is taken in the GNS-representation of the equilibrium state w.
Remark that ¢ is the same as for the imperfect Bose gas. The proof of the
existence of the operators and their mathematical meaning goes formally
following the same arguments as for the imperfect Bose gas, using now the
explicit expression of the state (69) and (73). The basic ingredients are a
central limit theorem and a reconstruction theorem. We do not repeat the
details of these theorems, which can easily be established by the interested
reader.
Denote

®(f. g)=CLT lim lim F, (/. g) (95)

qg—0 L—>

the Bosonic field associated with CCR((#, JF ), o), and specialize to our
original operators:

p’=(lg|72,0)=CLT lim lim p , (96)

qg—>0 L— o

A=d(0, |g|'"*)=CLT lim lim 4, (97)

g—>0 L—>

adopting the notation (f, g) =(f(q, 0), g(qg, 0)).
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The equivalence property also remains true in this case of course, i.e.,

D(f1, &1)=D(f2, &)= (f1, &) ~ (/2 &2)

< lim lim o(F, (fi—fs 81— g2)%) =0

qg—>0 L—>
in particular

CLT lim lim p% (f)=CLT lim lim 4, (Jf) (98)

qg—>0 L—> qg—>0 L—>

4.3. Dynamics of the Collective Goldstone Modes

We will now show that also for the weakly interacting Bose gas the
fluctuations of the generator and of the order parameter of the SSB
decouple dynamically from the other degrees of freedom of the system, and
form an independent harmonic oscillator system.

At the local level, we have

i[H(c), p}. ,]
B ie, [
S 2(c? gl V)2

(a;k,, q + ai, —q) aL, 0 ai, O(aL, q + aL, —q)]

ic*v(q)

23 |q| V)2 [(af,q+a2", —q)(aL,o_af,o)

+(ag o+af olag ,+ap, )]

ig ic%v(q)
=pOL,q <|q|?/2> + 2(02 |q| V)1/2 [(altq + ai, —q)(aL,O - af,o)

+lago—aiolar g +ar )] (99)

Since the operators V ~"*(a, o—a¥. o) converge to 0 in the GNS represen-
tation of w, we only have to take into account the term p§ (ig,/|gq|"?).
This is what we mentioned earlier, the interaction part of H,(¢) commutes
with the condensate density fluctuations as one expects physically, but only
in the thermodynamic limit. Also:

—i[Hy(c), Ap 1= Ay o —i(e,+2c%0(q)) lq]"?) (100)
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As in the imperfect Bose gas, we define a macroscopic dynamics by first
renormalizing the Hamiltonian with its spectrum, and then taking the limit.
CLT lim,_,lim, _, ., of the commutators,

_ 1
i[A, 5°]=CLT lim lim i{EHL(C),pg,q}

qg—>0 L—> q

=CLT lim lim p? , <l£q>

qg—>0 L—> Eq|q|l/2

e 1 ~
=CLT li lim A4 4 12/ =— 4 101
C ql—>Ino Lgnoo L’q<Eq |q| |q| > Q ( 0 )

where we used the equivalence relation. Remember that A, ,= A4, ,(|¢|'?)
and that Q is given in (89),

I 1
—i[H,A]=CLT lim lim —i{EHL(c),AL,J

q—0 L—> q

— 7 2 2 1/2
=CLT lim lim Aqu< i(e,+2c"v(q)) |q| >

q—0 L—> Eq
o E,lql 1 > -

=CLT1 1 9 1 =Qp° 102
tm Jim ot (52 )=t (102

Again remember pOL’q =POL, Jal —172),
Hence we found a canonical pair (5°, 4), satisfying

[p% A]=i (103)

dynamically decoupling from the other degrees of freedom of the system,
with the dynamics given by

i[A, ﬁ°]=éﬁ (104)

—i[H A]1=2p° (105)
The solution of these equations is the harmonic oscillator with energy Q:

_ 1
A=—

25 (PP + 1) (106)
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The state & is an equilibrium ground state for the Hamiltonian A satisfying
the following virial theorem

Q2((p°)) = (A7) (107)

This finishes the Anderson programme ' ¥ about the construction of the
canonical Goldstone coordinates.
Remark that also in this case we have done a rescaling of time

when going from the microdynamics H,(c) to the macrodynamics H,
indicating again that the typical timescale of the fluctuations becomes
infinite as ¢ — 0, this time with a rate |¢| ~!, as a consequence of the fact
that E, oc |¢| for small g.

APPENDIX A. PROOF OF PROPOSITION 3

In this proof we make use of the following general formula
t
eitx+y) — pitx +J dseisxl-yei(t—s)(x+y) (108)
0

where x, y are self-adjoint operators. From this formula, one deduces use-
ful properties like for example

1
[e™, 2] :ij dte"™[ x, z] &1 =0~ (109)
0
ICe™, 21 <[, 211 (110)
where x, y are self-adjoint, z arbitrary and |- || is some norm.

Denote F;=F; ,(f;, &), i=1,2. We need to prove

lim [eies — oiFi+Fre—12LF. B2 — )

L— ©

One has

HeiFlein _ ei(Fl +F2)efl/2[F1, F)] H 620

=2 — (e~ P~ TielFi+ e —12LF. Fy1) _ g( o12LF1 Pyl —iFy + Fy)piF oiFy)
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Hence it is sufficient to show

Llim (e~ e i1+ F)o—12LF1. Fyl) — |
— 00

Define a function f(¢) by

F(1) = (e Foe ~itFigtFi + Fo—12LF1. 1) _ |

We have to show

lim [f(1)|=0

L— ©

By Taylor’s theorem, there exists some 7€ [0, 1] such that

S =f(0)+ f'(2) = f'(2)
since f(0) =0. Let us calculate f”(¢) using (108),

d 1 ) )
Fi+F) _ : F, +F. 1 — 5)(1F, + F,
Eelu L+ 2)21_[0 dseUF1 T FD R i1 =y + Fy)

Hence
f/(t) —w < _ie—iFZe—itFlFl ei(tFl +F2)e—t/2[F1,F2]

1

+ jo—iFap—itFy j dseSUFI+ FD R i1 =)aFy + Fy) g —2LF1, ]
0

L i iR R+ B ) F] e—t/2[F1,F2]>

1
—w <l-e—iFZeizF1f ds{[eis(tF1+F2), F,] e —9F+Fy)
0

_ iS@i(tFl+F2)[F2, Fl]} e—t/Z[Fl,F2]>
Denote
1 - - .
A= j dS{ [ets(tFl +F2)’ Fl] el(l —8)(tF|+Fy)) __ l-set(tFl +F2)[F2, Fl]}
0

f/(t) = w(ie—ine—itFlAe—t/z[Fl, Fz])

= w(ie e~ tFie—12LF. P2l 4 4 jo=iFap—itFi[ 4 ¢—12LF1. F]1])
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then

|f( )| < |CO _ZFZE_ItFIE_t/Z[FI FZ]A)' + |CO( —zFZe—thl[A e—t/Z[Fl Fz]])|
(111)

The first part is estimated as follows:
lw(e™"e e P RI4) <A,

by the Cauchy-Schwarz inequality. We now make an estimation of | 4],

1
HAHw: ‘J ds{[eis(tFl+F2)’ Fl] ei(l—S)(tF1+F2)_l-sei(tFl—o—Fz)[Fz’ Fl]}
0

w

1
<f dS H[ezs(tFlJer)’ Fl] ez(lfs)(tFlJer)_isez(tFlJer)[Fz’ Fl]”w
0
1
=f ds
0
—ise™ B[ F, F]
1
=J ds
0
—ise B[ F, F]
1
f ds
0

1
[ as [ drs IELFs, £, e —meneyy,

0

1
J dre™ R RS F, | Fy] @i =) sUF + F)pil = 9)iF, + F)

[e3}

1
J dre SR+l ) ] (=79 sUF + Fy)
0

[0}

J drlsezrs(zFl +F2)[ [F2 Fl] el(l —rs) s(tF, +Fz)]

@

N

N

[ as [ drsti=rs) IULFs, B 0+ )1

0

SIL[Fa Fi1, tFy + Folll o

where we have used (109) in the third step and (110) in the fifth. But
because the commutator [ F,, F,] converges to a complex number in the
state w, it can be calculated explicitly that the commutator [[F,, F;],
tF, + F,] converges to 0. By a similar argument it can also be shown that
the second part of (111) converges to 0, thus proving Proposition 3. ||
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APPENDIX B. PROOF OF PROPOSITION 4

Take some arbitrary F; ,(f, g) and first of all remark that it can be
written as

Fr (/. g)=B+B,

where B} =B_,and [ B}, B,] =0 (we have only written the g-dependence
explicitly, all other dependencies are implicit). One can for instance take

B =3 DA+ 400 aE g o4 (6(0.0) af 50,90 )
B, itself can be decomposed into
B,=B°+B, (112)
with
BY=—— (f(g.0)af. s+ f10. q) a¥oar, )

2(po V)

i
+§(g(qs 0) az,q - g(09 CI) aL, —q)

(a0 2t 0) ) at,,

1
2 o)

af,o .
n <f(o, D Lt o q)) ar _q}

We want to show now that the part (Bg)*—i—Bg is the only part of
F; ,(f. g) which gives a non-zero contribution to the expectation value on
the Lh.s of (37). Expanding the exponential in a power series, we have to
calculate expectation values of the type

w((Bf +B,)")

This is obviously zero for m odd, and for m =2n even, the only non-zero
terms are those with a number of starred operators equal to unstarred.
Because of the commutation [ B, B, ], these are all equal to

o((B7)" BY)
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Using the decomposition (112) this becomes

q

o((BF)" Bh) =w(((B))*)" (BY)") + other terms

We now prove that these “other terms” are all necessarily zero because we
are working in the ground state. Using the commutation of the (BO) with
the (B,)* these terms are all of the form

w((By*)" (B (BF)"~"(B,)" ™) (113)

W . > Sflky+q, ky)---flk, _;+q,k,_ ;)

n—j> —q#k;#0

% %
XAL ky+q9L, k" ALk, j+q9L.k,_;

Using this in (113) one gets sums of expectation values which can be com-
puted by using the quasi-freeness of the state w, i.e., each expectation is a
sum of products of one-and two-point correlations, respectively w(a% )
and

w (a#L ka#L w) = w(ai kai w)— w(ai,k) w(“i, %)
of which only the following are non-zero:

w(a#L, 0) =~/ PV
wT(aL,kazk) =w(ay, kaltk) =1, k#0

We show now that each of the expectations to be computed is zero. Take
an arbitrary term. First of all, take some a, (af , term from one of the
BO’s It can only give a non-zero contribution if it is combined with an
aL odr, 4 term from one of the (B°)*’s so at least we need i=j. A term
a”L +q from any of the B°’s or (Bg)*’s can never be combined with a term
coming from the (B,)*’s because this would give rise to an expectation of
an odd number of creation and annihilation operators, all with a non-zero
index, which is zero. Hence in the quasi-free decomposition, the operators
coming from ((By)*)’(Bj)’ and the operators coming from (B¥)"—/
(B,)" ™’ completely decouple from each other. But a typical factor arising

from (B})"~/(B,)" 7 is

* * * *
O(Af e+ gLk, " A7, by j+a%Lk, AL 1 —q9L, 1, AL, +49L, ln_].)
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which is zero because it always contains at least one factor w(a¥ rar ),
k#0.
Hence we proved that indeed

((BF)" Bh) =w(((B))*)" (B))")
or in other words

lim o(erd )= lim w(eFLe(f, g)) (114)

L— L—

where

FL L 8)=p7 )+ AL 4(8)

11 /(4. 0)

o ()L 0.9
P =3 | L

)1/2 aL, 0(02 q + a{, —q) + (p() V)l/z aL, O(aL,q + aL, —q)

1 L0 .
P 9)=3 ] A0 0 S kel 0) | (at gt

i [f(q, 0) 0 ie(q. 0)} (ap ,+a _q>}

a
(poV)
Using (18) one gets

lim (e L% 9)
L—

= lim w(e(it/Z){ [f(q,0) +ig(q, 0))af ,+af _,)+[f(q,0)+iglg,0)(ay ,+ar _,)} )
L—
(115)

With the explicit expression of the state (15), the r.h.s. of (115) can easily
be computed, and together with (114) one gets (37). |

APPENDIX C. PROOF OF PROPOSITION 5

We prove (39) by induction on ne N,. The basis of the induction is
the Central Limit Theorem, Proposition 4.
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To prove the induction step, assume that (39) holds for some ne N,
and fix (f;, g;)e(F, F), i=1,..,n+1.
For convenience write

eiFL,q(fl’ g ... eiFL,q(fn—l’ -1 = WL, ‘

and

FL,q(fia gi)EFiL,q
By the Cauchy—Schwarz inequality and the BCH-formula (33)

. gt cpn+1 2o n+ly n n+1
lim | W, [eFLaeTLs — et L e =12 FEO1Y)|
L—

. ol on+1 e n+1 n n+1
< lim ”e’FL, P _e’(FL,q"'FL,q )e_l/z[FL,q’FL,q )]Hw:()
L— ©

Use the Cauchy-Schwarz inequality again to derive that
lo( Wy, qé’i(FZ HFLDe—120F FZ,JZ,I)])
—o(W,, qe"(FZ,quFZZI)) e~ oy(nin+1)2
=|w(W,, oL HFLD[ o= V2FL ¢ FEED] _ =2 oynin+ 1)1 )2
< w([el/z[FZq’FZ,Zl)] eI+ ]
x [6_1/2[F’£,q,pg+41)] e~ o nint DY)
=2 — (e PLFL ¢ FLDY) o=@ oy(nin+ 1)
_w(e—1/2[F2q,FZ’t11)]) o2 o, (nn+1)
This expression converges to zero as L — oo because of the convergence of

the commutator. Combining the induction hypothesis and the above result,
one finds that
lim o(W,, eTr @' TLY)
L— ©
n+1

= lim o(W, ei(FZq+FL,q))e—(i/2)crq(n|n+1)
> 4q
L—

=&UW (1)--- [ W, (n)+ W,(n+1)]) e” @ ognin+D
65‘1( Wq(l) Wq(n) Wq(n+ 1))

The last equality results from the CCR algebraic structure of
CCR(7F,7),0,).
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The only thing left to prove is positivity. Take f;, g,€ #, i=1,2 and
use the definitions of g, and s, along with the Cauchy-Schwarz inequality
to derive that

ilofis g1l fas &)
<A g1l fos 82041
<S8l S 810 4< U2 821 /20 8204
<8 (f1s 811 f15 81) 82, 821 12, &2)

APPENDIX D. PROOF OF PROPOSITION 7

Denote
W(fi g)=W,;
Suppose first that (ii) is satisfied, then
[na( W), ng(W,)]1=0
and hence
o(112)=0
Further

1

65( Wl Wf) = Cb( Wl sz)

—(W,_,) = e —1/251-211-2)

where we used the notation (f; — /5, g1 — g,) > 1 —2. By the definition of
s this means {1 —2|1—2)> =0, proving (i).
Conversely, Suppose (f;, &1) ~ (/2 &2) then

plo(1=2[x)P <1 =2[1-2)<x|x)

implies that ¢(1 —2 | x) =0 for all x, where x denotes an arbitrary element of
(F, F), e, nz W, _,) commutes with all elements of 7z CCR((F, F), 0))
=, or my( W, _,) belongs to the commutant .#" of .#. Also

[(a( Wi_2)1) Q@HZ
=(I)((W172_1)* (Wl,z—l))=2—w((W1,2)—w((W2,1)=0
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As Q is cyclic for ., it is separating for .#'. Hence

na(Wi_2)=1 or (W) =ng(Ws)
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